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What is this talk?

- What are distortion and saturation, redlly?
- What are some different kinds?

- What myths will get in the way of my understanding?



Who is this talk for?

» Creators of Pro Audio products
- Engineers (mix, produce, master, etc))

- "Begintermediate” — Simple math, fundamentals



Caveats

General, useful concepts > precise technical accuracy
No peer reviewed studies or math proofs
Occasionally informal or imprecise terminology

FOcUSs on ‘color’ nonlinearities ratner than total gestruction



Analog to Digital: a History



Audio Hardware in the Analog Era

Linear electronics: the holy: grall

INn the beginning, the challenge was creating electronic
circuits where the output signal was-a linear function of the
iInput signal. For most applications, linear amplification or
filtering was (and in‘many cases stillis) the goal,



Physical Parts aren’t Perfect

Physical reality means parts have tolerances,
operating ranges, and nonlinearity

- A discrete part is usually more linear for lower voltages
« AS yOU push to extremes, benhavior becomes less linear
- Usually the 2nd and 3rd harmonics are loudest



Expression vs. Correctness

Distortion

While linear designs improved, engineers also abused them into o=
nonlinearity, and created intentionally nonlinear electronics!

- Always there was a balance
 Pushing intentionally into nonlinearities sounded
new, different, good!
« Saturation
- Overdrive



Digital Revolution

Digital Math makes linearity more achievable!

- Emphasis on theoretical linearity
- New, digital problems
- What's that missing feeling?
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Intentional Nonlinearity FREE Incredible

: Aﬁﬁtﬁ@@ Em mllmﬂm

Purity is boring and bland!

+ DSP explores adding back analog
imperfection

- Analog emulation becomes popular

- New inventions are harder than mimicry
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Qur job is to reverse
engineer vibes.

- Me



What is Distortion?



What is NOT distortion?

A linear transformation preserves
the operations of vector addition
and scalar multiplication.
.
g 05 1

IN DSP this means adding two
signals, or multiplying a signal by
a constant value.




So then, Distortion is?

The result of any non-linear transformation!

In other words, graphing the
function results in any shape
other than a line.




Useful groupings for distortion “types”

A. Memoryless, continuous: tirigonometric functions, polynomials, etc.

3. Discontinuous: tcble step function

C. Memory effect, continuous: compressors, expanders, hysteresis

This presentation focuses on A



Harmonic Distortion



What is Harmonic Distortion?

The kind of distortion caused by a
nonlinearity that can be expressed as
harmonics above a fundamental frequency.

« X

. X
« 3X
« 4X
« DX
- EtC.



Simple Harmonic Distortion

A cubic clipper is a very simple and useful
distortion technique:

x-(x3/3)

. Clipped to 1/-1, we'll ignore that for now

« A spectrogram of a sine wave shows harmonic
distortion on the third harmonic only.

- Let's hold that in our heads and come back to it




Complex Harmonic Distortion

tanh() is a fairly common intentional
distortion, because it mimics certain analog
components.

. Comparing x to tanh(x) shows the distortion
« A spectrogram of a sine shows a much more
complex signature than the cubic clipper.

« Can we better understand how these harmonics
come about?




Revisiting the Cubic Clipper

What's the nonlinear part of x-(x3/3)?

It's x3 ! HE

- Not a coincidence that cubing a signal creates the

third harmonic.
- |t's also true that squaring the signal creates a

second harmonic.




Revisiting tanh()

Taylor series approximation can help us
approximately understand nonlinearities of
arbitrary functions in terms of powers

« X - X3/3 + 2x5/15 - 17x?/315 + 62x9/2835..

+ For many common nonlinearities, the square and/
or cupbe terms are largest

- So we'll be focusing on those for examples for now




Power Reduction Formulae (Powers to Harmonics)

f(x)= cos (x)

f2(x)= cos2(x)= 1/2 + 1/2-cos(2x)

f3(x)= cos3(x)= 3/4-cos(x) + 1/4-cos(3x)
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You can generalize this, but it's complicated. You can use math solvers!




The Other Way Around

We may also want to generate a specific harmonic. Let's solve for
cos(2x)/cos(3x):

cos2(x) = 1/2 + 1/2-cos(2x)
cos2(x) - 1/2 = 1/2-cos(2x)
2(cos2(x)) - 1/2) = cos(2x)
cos(2x) = 2-cos2(x) - 1

cos3(x) = 3/4-cos(x) + 1/4-cos(3x)
4-cos3(x) = 3-cos(x) + cos(3x)

cos(3x) = 4-cos3(x) - 3-cos(x)

What’s special about these results?



Chebychev Polynomials!

There is a recursive formula to convert cos (nx) to
polynomials with cos”(x) terms. You could derive
them... or just use a table.

=

16x° —20x> + 5x

32x° —48x* +18x?* -1

64x7 —112x° +56x° — 7Tx

128x* —256x° +160x* —32x* +1

256x° —576x7 +432x° —120x° +9x

512x'° —1280x* +1120x° —400x* +50x> — 1

1024x" —2816x° +2816x" —1232x° +220x°* —11x

2048x "> —6144x" +6912x* —3584x° +840x* —72x* +1

4096x" —13312x" +16640x° —9984x7 +2912x> —364x° +13x
8192x " —28672x "% +39424x " —26880x* +9408x°® —1568x* +98x> —1
16384x" — 61440x" +92160x"" —70400x° +28800x’ — 6048x° + 560x°> —15x
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https://oeis.org/A028297

Summary-so-far

« Nonlinearities add harmonic distortion.

- Squaring or cubing a signal adds the second or third
harmonic, respectively, but higher harmonics are a little
nMore complicated.

- To add specific harmonic distortion, apply combinations
of Chebychev Polynomials (or simple powers, they are
the nonlinearities).



WAIT A MINUTE

Did we just describe the world's
simplest, most perfect,
harmonics-based pitch shift?




No. Not at all.

- Me



OH..

All previous math assumes a single

iNnput cosine or sine wave at unity gain.

For powers > 3, non-unity gain adds
lower-order harmonics of the same
parity (even for even, odd for odd).

With multiple frequencies, we have o
new topic:




Intermodulation
Distortion (IMD)



What is Intermodulation Distortion?

When multiple frequencies pass through a nonlinear function.

- Inseparaple from harmonic distortion
- Function of the input AND the nonlinearity
- Non-musical, mathematical relation (sum + difference)



f(x)=
f2(x)=

=1/2(2-

Visiting the Math: x2

cos(a) + cos(b)

cos2(a) + 2cos(a)

cos(a+b) + 2-cos(a-b) +

intermodulation intermodulation

cos(b) + cos2(b)

cos(2b) + cos(2a) +

harmonic harmonic

2)

DC offset



A Spectral Window

0 Hz

A B *
300 400
‘ ZA‘ Remember: \ultiplication in
°00 the time domain is convolution
‘820% N the frequency domain.
‘ " A-B A+B t paints the same picture!
100 700
‘ ‘ Thanks @signalsmith!
L Ill s bimusik
0 Hz “THACK




Visiting the Math: x3
f(x)= cos(a)+cos(b)

f3(x)= cos*(a)+cos?(a)-cos(b)-3+cos(a)-cos2(b)-3+cos?-(b)

1/4(3-cos(a+2b)+3-cos(za+b)+3-cos(za —b)+3-cos(a —2b)+cos(3 b)+9-cos(b)+cos(3a)+9cos(a))

Intermodulation harmonics & fundamental

Redlly though, it's not that bad.. verobose put simple




Putting it in a Table for Readability

same matn for cubic distortion, sorted by loudness with egual, unity input gain.

1/4+( total scale 1/4

9-cos(a) +  fundamental a 9

9-cos(b) +  fundamental o) 9

3-cos(a + 2b) +  intermodulation a+2b 3

3-cos(2a + b) +  intermodulation 20 + b 3

3-cos(2a - b) +  intermodulation 20 - b 3

3-cos(a - 2b) +  intermodulation a-2b 3

cos(3a) +  harmonic 3a ]

cos(3b) +  harmonic 3b 1

)

| | . | Fmusik
NOTE: cdding 2 cosine waves dat unity gain creates a signal that goes to 2! “THACK



What does it mean?

Amplitude coefficients show a better picture: V-cos(a) + U-cos(b)

« DC offset in 2nd-order saturation

« Most energy in 3rd-order from original signal

FREQ3
a

b

3a

3b
a+2b
20+ Db
20-D
a-2b

AMP

3V3+ 6U2V
3U3+ 6V2U
V&

U3

3U2V

3UV?2

3UV2

3U2V

DESCRIPTION
fundamental
fundamental
harmonic
harmonic
intermodulation
iIntermodulation
intermodulation

intermodulation

FREQ?2
0

e
2b
a+b

a-b

AMP
V2 + U2
\/2

U2

2UV
2UV

« Harmonic distortion is guiet until near unity

- Complex relationships with amplitude

DESCRIPTION

DC offset
harmonic
harmonic
iIntermodulation

Intermodulation



Dynamics

Even vs. Odd,




LISTENING

Third (all odd) powers have o
strong fundamental

harmonic (the input signal).
Notice how It conforms to the
oeriodicity of the input,
comipared to even.




... let’s take the 5th just to see the mess

FREQ AMP DESCRIPTION FREQ AMP DESCRIPTION
a ol unzuns SB VRS T IBIB UMY £ ndamental 20-b  15/8UA3VA2  intermod.
b ol vr2unss B8NS T IBIBVAAU £ damental 20+b do intermod.
30 ERR harmonic 20 +3b  you intermod.
3b Sl s Bl U harmonic a-2b  even intermod.
50 1/16 VAG harmonic 3a-2b care intermod.
5b 1/16 UAG harmonic a+2b what intermod.
a-4b  5/16UNV intermod. 3a+2b the intermod.
a-2b  5/4urdv intermod. 2a-b  values intermod.
a+4b 5/16UNYV intermod. 4a-b are intermod.
a+2b 5/4urdv intermod. 2a+b  here intermod.
20 -3b 5/8UA3VA2 intermod. 4a+b  anymore? intermod.

“THAC

=
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Literal b

feels kir
INpUtS.

armonic distortion
da irrelevant for most

- Me



SMPTE @ 60 Hz, 7000 Hz
CCIF3 @ 13 kHz, 14 kHz
CMaj3 @ 262 Hz, 330 Hz

Let’s Talk Frequencies

FREQ?

a+b
a-b
2b

2a
0

FREQ3

a+2b
2a+b
2a-b
a-2b
3a
3b

AMP

N = = NN

AMP

w W w w o o

p—

DESCRIPTION

total scale

intermodulation
intermodulation
harmonic

harmonic
DC offset

DESCRIPTION
total scale
fundamental
fundamental
intermodulation
intermodulation
intermodulation
intermodulation
harmonic

harmonic

SMPTE DIN

7060
6940
14000
120

SMPTE DIN

60
7000
14060
7120
6880
13940
180
21000

CCIF3IMD

27000
1000

28000
26000

CCIF3IMD

13000
14000
41000
40000
12000
15000
39000
42000

C Major 3rd

592 (sharp D)
68 (flat C#)
660 (E)
524 (C)

C Major 3rd

262 (C)

330 (F)

922 (flat A#)
854 (sharp G#)
194 (G)

398 (G)

786 (G)

990 (B)



SO WHAT?

Listen to transient emphasis/
deemphasis, and noise (fuzz, \Welel}
thickness), and loudness gain.
That's distortion!

Don't fall for “open,” “sweet” these
are saturation myths and require
mMore than just transfer functions!




WAIT ANOTHER MINUTE!

Some of those intermodulation and
harmonic frequencies are too high to

represent at my working sample rate.
What does this imply?




Aliasing Distortion



What is Aliasing Distortion

The kind of distortion caused by a digitally-
sampled system trying to represent o
frequency greater than its Nyquist Frequency.

- Nyquist Frequency is 1/2 the sample rate
- High sounds fold back into the audible range
« Non—-musical mathematical relation



What is Aliasing Distortion

The classic test for aliasing uses harmonic distortion.

What did we say earlier about harmonic distortion?



Fun Aliasing Facts

 You cannot remove aliasing, only prevent it
- It's the equivalent to the visual “wagon wheel effect”
- You can alleviate it with oversampling

- > My ADC 2023 talk about this can be found at


https://www.youtube.com/watch?v=yJrJi-4SDUQ
https://www.youtube.com/watch?v=yJrJi-4SDUQ

Aliasing Visualized

0 1 P 3
1 P 3 4 5 6
0 1 p 3
123 456...
0

Seconds

Dribbles (2 Hz)

Seconds

Dribbles (6 Hz)

Seconds

Dribbles (>6 Hz)

Imagine somebody

dribbling a basketball,

and we are sampling
them at 12 Hz:



Aliasing Visualized Pt. 2 oo 0

96 kHz

- Just showing two harmonics
» Only showing harmonic distortion
- The real scenario is much WORSE!

Nyquist




Why Do We Care?

Harmonic and Intermodulation distortion add new
frequencies to an existing sampled sound. Those
frequencies often go above Nyquist and alias.



FREQ2 AMP

Revisiting HD & IMD Frequencies With Aliasing

Assume a 48 kHz sample rate, wnich means Nyquist is 24 kHz

DESCRIPTION

total scale
intermodulation
intermodulation
harmonic
alelgaglelalle

DC offset

CCIF3IMD ALIASED

27000
1000

28000
26000

21000
1000
20000
22000

FREQ3

a+2b
20+ Db
20-b
a-2b
3a
3b

AMP DESCRIPTION

1/4
9

- W W w w o

total scale
fundamental
fundamental
intermodulation
intermodulation
Intermodulation
iIntermodulation
harmonic
harmonic

CCIF3IMD ALIASED

13000
14000
41000
40000
12000
15000
39000
42000

13000
14000
/7000
8000
12000
15000
9000
6000



The Aliasing Staircase

I. Nonlinear transformations aad distortion

2. Distortion adds more freguencies

3. More frequencies = more intermodulation distortion
4. Some freguencies are higher than the originals

0. ReEPEAT

L PF between oversampled nonlinear DSP is a good idead.



Takeaways and Conclusions



Analog -> Digital

- Analog gear sounded bad because of non-linearity
+ Analog gear sounded good pecause of non-linearity
- Digital processing made linearity easy

. WNICNh sounds boring so we added back non-linearity



Harmonic vs. Intermodulation Distortion

- INnseparable

« The harmonic part of distortion Is essentially iInaudiole

+ Oda-order distortion contains a ot of the original signal

- listen to what happens to real material Not sine sweeps

- IMD has ramifications for nigh sample rates



Aliasing

- Digital-only phenomenon
- Most or all examples online are misleading
« Improved with oversampling

- But the aliasing staircase Is always d risk



THANK YOU



